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Abstrat
The osmologial onstant (CC) problem is the biggest enigma of theoretial physis
ever. In reent times, it has been rephrased as the dark energy (DE) problem in order to
enompass a wider spetrum of possibilities. It is, in any ase, a polyhedri puzzle with many
faes, inluding the osmi oinidene problem, i.e. why the density of matter ρm is presently
so lose to the CC density ρΛ. However, the oldest, toughest and most intriguing fae of this
polyhedron is the big CC problem, namely why the measured value of ρΛ at present is so
small as ompared to any typial density sale existing in high energy physis, espeially
taking into aount the many phase transitions that our Universe has undergone sine the
early times, inluding ination. In this Letter, we propose to extend the eld equations of
General Relativity by inluding a lass of invariant terms that automatially relax the value
of the CC irrespetive of the initial size of the vauum energy in the early epohs. We show
that, at late times, the Universe enters an eternal de Sitter stage mimiking a tiny positive
osmologial onstant. Thus, these models ould be able to solve the big CC problem without
ne-tuning and have also a bearing on the osmi oinidene problem. Remarkably, they
mimi the ΛCDM model to a large extent, but they still leave some harateristi imprints
that should be testable in the next generation of experiments.
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1 Introdution
High Energy Physis is desribed by quantum eld theory (QFT) and string theory. Unfortu-
nately, these theoretial desriptions are plagued by large hierarhies of energy sales assoiated
to the existene of many possible vaua. Suh situation is at the root of the old and diult CC
problem [1℄, i.e., the formidable task of trying to understand the enormous ratio between the
theoretial omputation of the vauum energy density and its observed value, ρ0Λ ∼ 10−47GeV4,
obtained from modern osmologial data [2℄. The extremal possibility ours when the Plank
mass MP ∼ 1019GeV is used as the fundamental sale; then the ratio M4P/ρ0Λ beomes ∼ 10123.
One may think that physis at the Plank sale is not well under ontrol and that this enormous
ratio might be titious. However, onsider the more modest sale v = 2MW /g ≃ 250GeV of
the eletroweak Standard Model (SM) of Partile Physis (the experimentally most suessful
QFT known to date), where MW and g are the W
±
boson mass and SU(2) gauge oupling,
respetively. In this ase, that ratio reads |〈V 〉|/ρ0Λ & 1055, where 〈V 〉 = −(1/8)M2H v2 < 0 is
the vauum energy (i.e. the expetation value of the Higgs potential) and MH & 114.4GeV is the
lower bound on the Higgs boson mass. Although one may envisage the possibility that there is a
anelation between the various theoretial ontributions to the physial CC (inluding the bare
value), this has never been onsidered a realisti option owing to the enormous ne-tuning that
it entails (whih, in addition, must be orreted order by order in perturbation theory).
In this Letter, we disuss a dynamial mehanism that protets the Universe from any initial
CC of arbitrary magnitude |ρiΛ| ≫ ρ0Λ, whih ould emerge, for instane, from quantum zero-
point energy (ontributing roughly ∼ m4 for any mass m), phase transitions (ρiΛ = 〈V 〉) or even
vauum energy at the end of ination. We admit that ρΛ = ρΛ(t) (with ρΛ(ti) = ρ
i
Λ, ρΛ(t0) = ρ
0
Λ)
an atually be an eetive quantity evolving with time.
Phenomenologial models with variable ρΛ have been onsidered in many plaes in the liter-
ature and from dierent perspetives, see e.g. [3℄. At the same time, models with variable CC
with a loser relation to fundamental aspets of QFT have also been proposed [4, 5, 6, 7℄. In all
these ases, the eetive quantity ρΛ = ρΛ(t) still has an equation of state (EOS) pΛ = −ρΛ and,
in this sense, it an be alled a CC term.
The basi framework of our proposal is the generalized lass of ΛXCDM models introdued in
[8℄, in whih there is a xed or variable ρΛ term together with an additional eetive omponent
X (in general not related to a fundamental, e.g. salar, eld). This partiular lass of variable
CC models is espeially signiant in that they ould ure the osmi oinidene problem [8℄
in full onsisteny with osmologial perturbations [9℄. Here we present a generalization of these
models that might even ure the old (big) CC problem [1℄. Reently, in [10℄ a model along these
lines was introdued with a DE density ρD and an inhomogeneous EOS pD = ω ρD − βH−α
whih inludes a term proportional to the negative power of the Hubble rate H. This additional
term beomes suiently large to ompensate an initial ρiΛ when this is about to dominate the
universe and fores it eventually into a nal de Sitter era with a small CC. For reent related
work on relaxation mehanisms, see e.g. [11, 12, 13℄. In a dierent vein, the CC problem an also
be addressed in quantum osmology models of ination, through the idea of multiuniverses [14℄
and the appliation of anthropi onsiderations [1℄.
Let us reall that, historially, most of the models addressing the relaxation of the CC were
based on dynamial adjustment mehanisms involving salar eld potentials [15℄. In the present
work, the relaxation mehanism that we propose is also dynamial, it does not require any ne-
tuning and, as noted, it does not depend in general on salar elds. To be more preise, the
model we present here is a ΛXCDM relaxation model of the CC, whih inludes also matter
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and radiation eras. We study the two possibilities ρiΛ < 0 and ρ
i
Λ > 0, with arbitrary value.
For ρiΛ < 0, our senario avoids the big runh at early times and allows the osmos to evolve
starting from a radiation regime with subsequent matter and de Sitter eras like the standard
ΛCDM model. Finally, let us emphasize that our method to takle the CC problem is formulated
diretly at the level of the (generalized) eld equations, rather than from an eetive ation
funtional. In this sense, we follow the historial path of Einstein's derivation of the original eld
equations. At the moment, a version of our model with an ation funtional is not available,
but its eieny at the level of the eld equations is truly remarkable, as we will show. In this
sense, its phenomenologial suess may onstitute a rst signiant step in the way of nding a
solution of the diult CC problem.
The present Letter is organized as follows. In setion 2 we present the basi setup of our
model. In setion 3 we present a toy model of the CC relaxation mehanism whih helps to
understand the basi idea behind our proposal, although it is still too simple to desribe our
Universe. Only in setion 4 we present a rst realisti version of the full relaxation mehanism
and we perform a numerial analysis of it. In setion 5, we disuss in more detail some aspets
and impliations of our model. Finally, in the last setion we draw our onlusions.
2 The setup
We start from the generalized Einstein eld equations
Rµν − 1
2
gµνR = − 8pi
M2P
(Tmµν + T
X
µν + gµν ρΛ,eff) , (1)
where Tmµν is the energy-momentum tensor of ordinary matter  inluding the energy densities of
radiation (ρr) and baryons (ρb). Furthermore, T
X
µν desribes the X omponent (ρX), interating
with the eetive CC term gµν ρΛ,eff in suh a way that the total density of the dark setor,
ρD = ρΛ,eff+ρX , is ovariantly onserved (in aordane with the Bianhi identity). The eetive
CC density ρΛ,eff is given by
ρΛ,eff = ρ
i
Λ + ρinv . (2)
Here, ρiΛ is an arbitrarily large initial (and onstant) osmologial term, and ρinv = ρinv(R,S, T )
is some funtion of the general oordinate invariant terms
R ≡ Rµνgµν = 6H2(1− q),
S ≡ RµνRµν = 12H4
[(
1
2
− q
)2
+
3
4
]
, (3)
T ≡ RµνρσRµνρσ = 12H4(1 + q2) ,
whih we have evaluated in the at Friedmann-Robertson-Walker (FRW) metri in terms of the
expansion rate H = a˙/a, and the deeleration parameter q = −a¨ a/a˙2 = −H˙/H2 − 1. We nd it
useful to write the struture of ρinv in the form
ρinv =
β
f
, (4)
where β is a dimension 6 parameter and f = f(R,S, T ) is a dimension 2 funtion of the afore-
mentioned invariants. This form is partiularly onvenient sine the funtion f must grow at high
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energies and hene the vauum energy is ultraviolet safe, i.e. in the early Universe ρinv → 0 and
ρΛ,eff → ρiΛ, where ρiΛ is arbitrarily large but nite.
The generalized eld equations (1) fall into the metri-based ategory of extensions of General
Relativity. However, at this point the following observation is in order. In the literature, the
extensions of Einstein's eld equations are usually of a restrited lass, namely those that an be
derived from eetive gravitational ations of the form
Γ =
∫
d4x
√−g
[
M2P
16pi
R+ F (R,S, T )
]
. (5)
This lass of models may be alled the F(R,S,T)-theories as they are haraterized by an ar-
bitrary (albeit suiently dierentiable) loal funtion F of the invariants dened in Eqs. (3),
usually some polynomial of these invariants. Work along these lines has been put forward e.g.
in [16℄. The partiular sublass of models in whih the funtion F depends only on R, or F(R)-
theories, is well known and has been subjet of major interest [17, 18℄.
However, as advertised in the introdution, in this work we formulate the relaxation meha-
nism diretly in terms of the generalized eld equations (1), without investigating at the moment
the eventual onnetion with an appropriate eetive ation. The reason is, basially, beause we
aim at maximal simpliity at the moment. To be sure, after many years of unsuessful attempts,
the CC problem has revealed itself as one of the most diult problems (if not the most diult
one) of all theoretial physis; and we should not naively expet to shoot squarely at it and hope
to hit the jakpot at the rst trial, so to speak. In this sense, if we an nd a way to solve, or at
least to signiantly improve, the problem diretly at the level of the eld equations, we might
then nd ourselves in a truly vantage point to subsequently attempt solving the CC problem at
the level of some generalized form of the eetive ation of gravity.
All in all, let us warn the reader that the onnetion between the two approahes (viz. the
one based on the eld equations and the funtional one) is, if existent, non-trivial. In fat, we
note that the presumed ation behind the eld equations (1) need not be of the loal form (5),
and in general we annot exlude that it may involve some ompliated ontribution from non-
loal terms. These terms, however involved they might be, are nevertheless welome and have
been advoated in the reent literature as a possible solution to the dark energy problem from
dierent perspetives [19℄. In the present work, we wish to put aside the disussion of these
terms, and, for that matter, all issues related to the hypothetial ation funtional behind our
eld equations. Instead, we want to exlusively onentrate on the phenomenologial possibilities
that our framework an provide on relaxing the eetive CC term (2) depending on the hoie of
the funtion f . In partiular, if the initial ρiΛ is a very large osmologial onstant assoiated to
a strong phase transition (e.g. some GUT phase transition triggering the proess of ination, the
zero point energy of some eld, or just the eletroweak vauum energy of the SM), the late time
behavior of ρΛ,eff an be suiently tamed (without ne-tuning) so as to be perfetly aeptable
by the known osmologial data.
The main aim of the present approah is thus of pratial nature; if the CC problem an be
eiently takled at the level of the eld equations to start with (something that, to the best of
our knowledge, has never been aomplished before), it should t the bill as it an be already a
ruial rst step in the path to solve the CC problem  namely, before unleashing a more formal
(and, preditably, even more diult) theoretial assault to it at the eetive ation level. We
leave this part of the investigation for future work, and we onentrate here on the potential
phenomenologial benets of assuming a set of generalized eld equations of the form (1).
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3 Toy model
Let us rst illustrate the mehanism for a universe with only radiation and with f equal to just
the Rii salar R, so that Eq. (2) beomes
ρΛ,eff = ρ
i
Λ +
β
6H2(1− q) . (6)
To start with, we onsider the ase ρiΛ < 0 (as in the SM ase) and take β > 0. Let us also assume
a spatially at Universe. At late times, the de Sitter regime is realized and the deeleration
approahes the value q → −1 while the Hubble rate beomes onstant and very small, H → H∗
(of order of the urrent rate H0). The vauum energy density takes on the tiny observed value
ρΛ,eff → ρ∗Λ ≃ ρ0Λ, whih is related to H∗ by the Friedmann equation: 3M2PH2∗ = 8piρ∗Λ. Sine the
initial value |ρiΛ| is assumed to be muh larger than ρ0Λ, the nal Hubble rate is approximately
given by
H2∗ ≈ −
β
12ρi
Λ
. (7)
We observe that the large |ρiΛ| is responsible for the small nal value of H∗, provided the pa-
rameter β has a suitable order of magnitude and without any need of ne-tuning beause this
relation does not inlude dierenes between large numbers (f. [20℄ for a disussion on ne-tuning
issues). Moreover, this solution is stable. Indeed, the driving of H2 to small values by the large
and negative ρiΛ < 0 beomes ompensated by the positive seond term in ρΛ,eff , whih grows
as H dereases. On the other hand, a potential instability aused by a growing H would also be
unharmful beause it would make the seond term derease, so that ρiΛ < 0 would stabilize H
again.
At earlier times, H ≫ H∗ and the relaxation of ρΛ originates from the (1 − q) fator in the
funtion f , namely the negative ρiΛ drives dynamially the deeleration parameter q to larger
values until q beomes very lose to 1, whih orresponds to radiation-like expansion. However, q
annot ross q = 1 from below sine the (positive) seond term in ρΛ,eff would dominate over ρ
i
Λ
and stop the osmi deeleration before q reahes 1. Summarizing, this simplied model keeps
the enormous vauum energy ρiΛ under ontrol at any time thanks to the relaxation mehanism
implemented in the funtion f in Eq. (4). Furthermore, it provides a reasonable expansion history
with radiation-like expansion (q ≃ 1, H large) in the past and a stable de Sitter solution (q = −1,
H = H∗ . H0 tiny) in the future. The transition is smooth and happens when the Hubble rate
is suiently small to ensure the CC relaxation as explained above.
4 Full relaxation model
The simple model disussed above is able to handle the large negative term ρiΛ without abrupt
hanges in the expansion history. However, the model is unrealisti in that there is no matter era
yet, beause q will stay around the radiation domination value q ≃ 1 until the de Sitter phase
starts. Therefore, we have to make sure that the universe goes also through the matter epoh
by ompleting the struture of ρΛ,eff with a term proportional to (1/2− q)−1, whih would work
like R−1 but with q = 1/2 as the stabilizing point for the next high H interval. For this purpose,
we use the salar invariants from Eq. (3). A useful expression is to involve not only R but also
S, as follows:
R2 − S = 24H4(2− q) (1/2 − q) . (8)
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Figure 1: General behavior of the deeleration parameter q in the relaxation CC model (2) (solid)
and in the ΛCDM model (dashed) as a funtion of the osmologial redshift z. For any initial
ρiΛ, the universe goes through a radiation-dominated epoh (q = 1), a matter-dominated epoh
(q = 1/2) and, eventually, into a nal de Sitter phase (q = −1) with ρΛ,eff ≃ ρ0Λ ≪ |ρiΛ|. Conrete
parameters in this plot are as in Fig. 2.
Notie that this ombination is proportional to (1/2 − q) and hene allows the relaxation of the
vauum energy in the matter era. Again, this expression alone would be unrealisti beause
it would enfore the Universe to linger in the matter era and would prevent the existene of a
preeding radiation era. However, we an ombine the three invariants R,S, T to nally form
a muh more realisti ansatz for f in Eq. (4), i.e. in suh a way that the radiation and matter
epohs our sequentially before the de Sitter universe is eventually reahed in the infrared.
Indeed, onsider the expression
f =
R2 − S
R
+ y ·RT (9)
= 4H2
(1
2
− q)(2− q)
(1− q) + y · 72H
6(1− q)(1 + q2).
We see that f is onstruted suh that the rst term ontains only two powers ofH, whih ensures
that the osmi evolution is reasonably lose to that of the ΛCDM model during the matter and
subsequent de Sitter stages. The seond term ontains T to provide a dierent saling (∼ H6) in
terms of the expansion rate. As a result, the fator (1− q) will dominate over (1/2− q) for large
values of H, i.e., during the radiation regime.
The matterradiation transition (equality) happens when both terms in f are of the same
magnitude and the orresponding time is xed by the parameter y ∼ H−4eq , where Heq ∼ 105H0 is
the Hubble rate at equality. The generi behavior of q for the relaxation model under onsideration
an be seen in Fig. 1. The transitions between dierent epohs are not as smooth as in the ΛCDM
osmos, although this feature depends on the detailed form of the funtion f . For our illustrative
purposes, the qualitative results given here should be suient to appreiate the virtues of this
relaxation mehanism. Its main benet is the omplete insensitivity of the universe with respet
to an initial osmologial onstant ρiΛ of arbitrary magnitude (whih in the present example we
have hosen to be negative).
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Remarkably enough, our onstrution does not require to ne-tune any of the parameters
of the model. Thus, the insurmountable problems assoiated to the traditional anelation
proedure an be solved automatially through this dynamial relaxation mehanism, whih is
triggered by pure gravitational physis (no salar elds at all). The urrent value ρ0Λ of the eetive
vauum energy and the orresponding low Hubble rate H∗ are xed only by the magnitude of
the parameter β, whih is the 6th power of a mass sale M . Sine |ρiΛ| ≫ ρ0Λ, Eqs. (4) and (9)
indiate that
|β| ≡M6 = |ρiΛ| · f ∼ |ρiΛ|H2∗ , (10)
where H∗ ≃ H0 ∼ 10−42GeV. Remarkably, M an be of the order of a typial Partile Physis
sale; if e.g. the initial vauum energy is ∼ M4P , then M . 100 MeV (i.e., of the order of the
harateristi QCD sale ΛQCD where the lowest phase transition ours in the SM). The above
relation (10) an be rephrased in another suggestive way. Sine q ≃ −1 in the eventual de Sitter
regime  whih starts approximately near our time , we nd that the urrent value of the CC
(whih is of the order of the asymptoti value ρ∗
Λ,eff) is roughly given by the appropriate ratio of
the two order parameters haraterizing the most extreme phase transitions ever ourred in our
Universe:
ρ0Λ ≃ ρ∗Λ,eff ≃
Λ6QCD
100M2P
. (11)
So far, the disussion of the CC relaxation was based only on the form of ρΛ,eff in Eq. (2),
and probably it an be implemented in various ways without losing its benets (e.g. models with
inhomogeneous EOS, modied gravity Lagrangian). In the following, we will disuss the onrete
dynamis in a ΛXCDM-like setup [8℄, where the total energy density ρtot = ρr + ρb+ ρD inludes
the usual omponents of the known universe, ρr and ρb (i.e. radiation and baryons) as well as
the extra ontributions from the dark setor: ρD = ρX + ρΛ,eff . The onventional omponents
are ovariantly onserved leading to the usual saling laws ρr ∝ a−4 and ρb ∝ a−3. Sine the
dark setor does not interat with the onventional omponents, ρD is onserved, too. From the
Bianhi identity satised by the terms on the l.h.s. of Eq. (1) and the ovariant onservation law
of ordinary matter (∇µTmµν = 0), the orresponding ovariant onservation in the dark setor
reads
∇µ [TXµν + gµν ρΛ,eff] = 0 . (12)
Let us assume that X is a pressureless omponent. Computing the previous expression in the
FLRW metri, it boils down to
ρ˙Λ,eff + ρ˙X + 3HρX = 0 . (13)
This equation shows that the two omponents of ρD are atually interating. The fat that the
EOS parameter of X is taken to be ωX = 0 (i.e. pressureless) is beause X an then mimi (and
an be referred to as) dark matter (DM). In this sense, the energy density of the dark setor, ρD,
an be thought of as being the sum of the DM and DE (interating) energy densities, where the
DE one is, in turn, the sum of the true osmologial onstant ρiΛ and the eetive gravitational
omponent ρinv, i.e. Eq. (2). Thus, we have all the neessary ingredients to implement realistially
our Universe within the relaxation model.
The basi dynamial equations read:
H2 =
(
a˙
a
)2
= H20
ρtot
ρ0c
=
H20
ρ0c
(ρr + ρb + ρX + ρΛ,eff) , (14)
qH2 = − a¨
a
=
1
2
H20
ρ0c
∑
n
ρn(1 + 3ωn) =
H20
ρ0c
(
ρr +
1
2
ρb +
1
2
ρX − ρΛ,eff
)
, (15)
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Figure 2: Left : Normalized energy densities Ωn(z) = ρn(z)/ρtot(z) for the CC, dark matter,
radiation and baryons. The initial CC is ρiΛ = −1040ρ0c . Parameters at z = 0 read: Ω0Λ =
0.73, Ω0r = 10
−4
, Ω0b = 0.04, q0 = −0.6. The eventual de Sitter regime is ρtot → ρ∗Λ ≃ ρ0c .
Right : Absolute energy densities ρn/ρ
0
c of the CC, dark matter, radiation and baryons. Note
that ρΛ,eff < 0 and the plot shows |ρΛ,eff |.
where ρ0c ≡ ρtot(t0) = 3H20M2P /(8pi) is the urrent ritial energy density.
The various EOS parameters for n = r, b,X,Λ are ωr = 1/3 (aounting for photons and light
neutrinos) and ωb = ωX = 0, ωΛ = −1. Using these equations, in Fig. 1 we plot the numerial
solution for q(z) and in Fig. 2 we solve for the normalized densities Ωn(z) ≡ ρn(z)/ρtot(z), where
we have assumed an initial osmologial onstant ρiΛ = −1040ρ0c . This should sue to illustrate
the great eieny of this relaxation mehanism. Sine y ≃ 1021H−40 , Eq. (10) yields β ∼
(10−3 eV)6. Notie that in the presene of several phase transitions, the value of β ≡M6 is xed
by the strongest one. We have seen above that M . ΛQCD ≃ 100MeV for all transitions below
the Plank sale.
The following two points are in order onerning the role played by the X omponent. On the
one hand, let us note that we have taken X as representing the full dark matter (DM) ontent of
the Universe. This is a possibility, whih we have hosen for deniteness in this presentation of
the model, in part for simpliity and also beause, then, the quantity ρD = ρX + ρΛ,eff provides
a kind of eonomial uniation of the DM and DE parts into an overall, self-onserved, dark
setor. However, this ansatz must be further elaborated. In partiular, it must be onfronted
with the struture formation data from the analysis of osmi perturbations in this model [21℄.
Another possibility would be, for instane, that the onventional DM is ontained in what we
have alled the ordinary energy-momentum tensor in Eq. (1). In this alternative senario, the
total matter ontent is ovariantly onserved, and X appears as a kind of additional entity in the
DE setor, whih would interat with the eetive CC, and whose only purpose is to make the
total DE ovariantly onserved. Sine we still have ωX = 0, the entity X looks now more as a
new form of DM that is integrated into the DE.
On the other hand, one the dynamis of ρΛ,eff is xed, in this ase through (2) and (9), the
evolution of the omponent X, in whatever of the two options disussed above, is ompletely
determined by the loal ovariant onservation law (13). This implies that X annot be generally
assimilated to a salar eld, beause a dynamial salar eld with some partiular potential has
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Figure 3: Eetive equation of state ω
e
and relative eetive DE density Ω
DE
= ρ
DE
/ρ
tot
.
Parameters are as in Fig. 2.
its own dynamis. In this sense, X is to be viewed as an eetive entity within the generalized
eld equations. In the partiular option that we have analyzed in Fig. 2, it is supposed to mimi
all eets assoiated to a real DM substratum.
5 Disussion
Let us now further desribe the dierent stages of osmi evolution in this framework. First, in
the matter era, the total energy density is dominated by the DM omponent ρX rather than by
the vauum energy ρΛ,eff . Due to q ≃ 1/2 this an be understood easily by eliminating ρX from
Eqs. (14,15),
H2
(
q − 1
2
)
=
H20
ρ0c
(
1
2
ρr − 3
2
ρΛ,eff
)
≪ H2 ≈ H
2
0
ρ0c
(ρX + ρb) . (16)
Therefore, this epoh behaves very similar to the ΛCDM matter era. Finally, the vauum ompo-
nent beomes dominant at very late times and the Universe smoothly enters the eternal de Sitter
regime with a very small positive ρΛ,eff ≃ ρ0Λ ≪ ρiΛ. In both eras, the relaxation model does not
deviate muh from the ΛCDM model, and the sign of the large initial vauum density ρiΛ is not
relevant.
Signiant deviations from standard osmology emerge in the radiation era, beause there is
no onstraint that enfores ρΛ,eff to be negligible. In fat, the exat behavior of ρX and ρΛ,eff
depends on initial onditions and the details of f . Nevertheless, in that epoh (for whih q ≃ 1
and ρb is negligible), subtration of Eqs. (14,15) leads to
R
6H20
=
H2
H20
(1− q) = 1
ρ0c
(
1
2
ρX + 2ρΛ,eff
)
. (17)
Moreover, the seond term in the funtion f in Eq. (9) is dominant in the radiation era (by
onstrution). Thus, while radiation dominates we have
ρΛ,eff = ρ
i
Λ +
β
y · 72H6(1− q)(q2 + 1) = ρ
i
Λ +
β
y · 24H4 ·
1
R
, (18)
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and by eliminating the Rii salar R from the two previous equations, we obtain
ρΛ,eff = ρ
i
Λ +
γ
(1
2
ρX + 2ρΛ,eff)
. (19)
With β ∼ −ρiΛH20 , y = (Heq)−4 and the Hubble rate Heq ∼ 105H0 at the radiationmatter
transition we nd that the variable
γ = ρ0c ·
β
y · 24H4 · 6H20
≈ ρ0c ·
−ρiΛ
144
·
(
Heq
H
)4
(20)
beomes subdominant for very large Hubble rates H ≫ Heq. Eq. (19) has two solutions for ρΛ,eff ,
ρ± =
1
8
(
4ρiΛ − ρX ±
√
32γ + (4ρi
Λ
+ ρX)2
)
, (21)
and the physial one has to be ompatible with |ρΛ,eff | ≪ |ρiΛ| at late times. Also, ρX is taken to
be positive.
For negative initial vauum energy ρiΛ < 0 the following limits exist. At very high redshift,
where ρX ≫ −4ρiΛ, the eetive vauum energy ats like a true (and subdominant) onstant,
ρ+ ≃ 1
8
(
4ρiΛ − ρX + |4ρiΛ + ρX |
)
= ρiΛ. (22)
Thus, the universe evolves in a standard way, and the X omponent redshifts like non-interating
dust. At smaller redshift, in the range when
√
γ ≪ ρX ≪ −4ρiΛ holds, we nd a (temporary)
traking regime:
ρ+ ≃ 1
8
(
4ρiΛ − ρX − (4ρiΛ + ρX)
)
= −1
4
ρX . (23)
In this regime, ρΛ,eff not only traks the energy density of the X omponent, but also that of
radiation ρr. Indeed, in view of (23), the onservation equation (13) takes on the form
ρ˙i + 4Hρi ≃ 0 (for both ρi = ρX , ρΛ,eff) (24)
during this regime. Finally, for ρX ≪ √γ, |ρiΛ| the relaxation of the CC beomes obvious by
ρ+ ≃ 1
8
(
4ρiΛ − ρX + |4ρiΛ + ρX |+
32γ
2 · 4|ρi
Λ
| +O((ρ
i
Λ)
−2)
)
≪ |ρiΛ|. (25)
Note that the analytial disussion is niely supported by the numerial results shown in Fig. 2.
This relaxation regime also exists for positive initial ρiΛ > 0, when ρX ≪
√
|γ|, ρiΛ,
ρ− ≃ 1
8
(
4ρiΛ − ρX − (4ρiΛ + ρX)−
32γ
2 · 4ρi
Λ
+O((ρiΛ)−2)
)
≪ ρiΛ. (26)
Whereas for higher redshift, when ρX ≫
√
|γ|, we also nd a traking regime, ρ− ≃ −14ρX .
However, dierently from the ρiΛ < 0 ase, this traking behavior is persistent even for ρX ≫ ρiΛ.
Consequently, at the end of reheating, the energy densities of radiation, dark matter and dark
energy ould be of the same order of magnitude.
Beause of the traking relation ρX ≃ −4ρΛ,eff ∝ ρr, we should are about bounds from
nuleosynthesis. At that time (z . 109), we have in our example ΩD = ΩΛ+ΩX ≃ 3ΩX/4 ≈ 0.08
versus Ωr ≃ 0.9 (f. Fig. 2), and so the ratio ΩD/Ωr . 10% is safe for standard Big Bang
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nuleosynthesis (similarly as in [8℄). On the other hand, this model oers also the possibility to
solve the oinidene problem, in that ρX , ρr and ρΛ,eff are not very dierent during the traking
regime until the matter-radiation transition (f. Fig. 2). Note also that in omparison to ΛCDM,
muh more dark matter is allowed before the relaxation regime thereby weakening the onstraints
on dark matter properties.
Finally, we disuss the eetive EOS ω
e
, whih is a useful tool for omparing interating DE
models with non-interating ones. Aording to [22℄, ω
e
is given by the EOS of a self-onserved
DE omponent ρ
DE
in an universe with the same Hubble rate H(z) and total energy density ρ
tot
as the relaxation model. Within this eetive desription, DM obeys the usual saling law of
dust ρ˜X ∝ (z + 1)3 sine the interation with DE is absent. Thus,
ω
e
= −1 + 1 + z
3
1
ρ
DE
(z)
dρ
DE
(z)
dz
, (27)
with ρ
DE
= ρ
tot
− ρ˜X − ρr − ρb. Sine ωe is more aessible for observations at low redshift,
we magnify this range in the seond plot of Fig. 3. In the relaxation regime, ω
e
follows mostly
the EOS of the dominant omponent. Notie that Ω
DE
is well dened everywhere despite the
behavior of ω
e
.
6 Conlusions
In this Letter, we have addressed the old osmologial onstant problem, i.e. the diult problem
of relaxing the value of the osmologial vauum energy. The neessity of tempering this value
ably and plausibly is absolutely ruial for a realisti osmologial evolution from the early times
till today. Indeed, the vauum energy of the early Universe is expeted to be huge in Partile
Physis standards, sine the expansion history must drive through a series of phase transitions
of diverse nature; in partiular, it goes through a proess of fast ination (presumably assoiated
to some Grand Unied Theory) and also through the spontaneous breaking of the eletroweak
symmetry. Finally, it undergoes the more modest hiral symmetry breaking transition, whih
ours at the milder sale ΛQCD = O(0.1) GeV and is onneted to the quark-gluon-hadron
transition. Even if the latter would have been the only phase transition ever ourred, and the
assoiated vauum energy density would still persist, it would be a disaster for our Universe. The
reason is that the value of the osmologial onstant assoiated to that energy density would have
aelerated the expansion history to the point of preventing the formation of any of the strutures
that we now see in our osmos, as they would have been ripped o by the fast expansion rate
during the rst stages of formation. However, being the Standard Model (SM) of Partile Physis
suh an extraordinary suessful theoretial and experimental framework, we must onlude that
both of its important ontributions to the vauum energy (assoiated to the eletroweak and
strong interations) must have been relaxed very fast after the orresponding phase transitions
ourred; namely, suiently fast as to insure not only the possibility to form strutures in the
late Universe, but also to leave the nuleosynthesis proess fully unsathed after the rst minute
of expansion.
In this Letter, we have takled a possible ure to this longstanding problem; we have pro-
posed a dynamial relaxation mehanism of the vauum energy that operates at the level of the
generalized gravitational eld equations. Our relaxation mehanism ahieves this goal without
ne-tuning. Apart from the ordinary baryoni matter, whih in our model stays ovariantly
onserved, we assume that the dark setor is made out of an eetive osmologial term ρΛ,eff
and another dynamial omponent X exhanging energy with it. The osmologial term of our
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model is atually an eetive one, in the sense that it is dened as the sum of an arbitrarily large
osmologial onstant, ρiΛ, and a partiular ombination of urvature invariants, ρinv, suh that
the sum behaves as an overall CC term ρΛ,eff(t) = ρ
i
Λ + ρinv(t), but one that evolves with time.
As we have said, the omponent X interats with the variable ρΛ,eff , but the total density of the
dark setor, ρD = ρX + ρΛ,eff , is ovariantly onserved. This onstrution ts into the lass of
the so-alled ΛXCDM models existing in the literature [8℄. Interestingly enough, in the present
ontext, the X omponent an be interpreted as the dark matter (DM) and the ontribution ρinv
an be viewed as a (dynamial) dark energy omponent that adds up to the traditional osmo-
logial onstant term. However, suh dynamial DE omponent has nothing to do with salar
elds as it is of purely gravitational origin. Therefore, the total energy density of the dark setor
splits into the sum of the various omponents DM, CC and DE, namely ρD = ρX + ρ
i
Λ + ρinv,
whereas the ordinary (baryoni) matter does not interat at all with the dark setor and remains
safely onserved.
The evolution of this ΛXCDM universe keeps the total DE sub-dominant during the radiation
and matter epohs, and only at late times it leads to a tiny eetive CC whose smallness is a
diret onsequene of the large initial vauum energy, ρiΛ, rather than to a severe ne-tuning
involving ugly anelation of large terms. The resulting osmos an transit from a fast early
inationary Universe, then drive through the standard radiation and matter dominated epohs
and, eventually, ends up in an extremely slow de Sitter phase; in fat, a model of Universe very
lose to the one suggested by the modern osmologial data [2℄. Finally, we obtained new insights
into the oinidene problem, as we observed an interesting traking behavior in the radiation
era. A more detailed exposition of our approah disussing the universality of the CC relaxation
and the orresponding analysis of the osmologial perturbations will be presented elsewhere [21℄.
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